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Preliminaries

The setting

X a (compact) smooth manifold;
(L,hL,∇L) a Hermitian line bundle on X :

L→ X a complex line bundle on X :
locally, over some open Ω ⊂ X ,
L |Ω ∼= Ω× C; C∞(Ω,L |Ω ) ∼= C∞(Ω);
hL a Hermitian structure in the fibers of L:

s, s′ ∈ L→ (s, s′)hL ∈ C,

∇L a connection (covariant derivative): for U ∈ C∞(X ,TX )

∇L
U : C∞(X ,L)→ C∞(X ,L),

which is Hermitian:

∇L
U(s, s′)hL = (∇L

Us, s′)hL + (s,∇L
Us′)hL , s, s′ ∈ C∞(X ,L).
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Preliminaries

Example

X = Rd .
L = X × C→ X the trivial line bundle, C∞(X ,L) ∼= C∞(X ).
The Hermitian structure is given by h ∈ C∞(X ): for Z ∈ Rd

|s|2h = h(Z )|s|2, s ∈ LZ = {Z} × C;

The connection: for any U ∈ C∞(X ,TX ),
∇L

U : C∞(X ,L)→ C∞(X ,L) is the first order differential operator:

∇L
U =

∂

∂U
+ Γ(U),

Γ =
∑d

j=1 Γj(Z )dZ j ∈ Ω1(X ) is the connection one-form;

∇L is Hermitian⇔ Γ + Γ̄ = −h−1dh.
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Preliminaries

The Bochner-Laplacian

Let (L,hL,∇L) be a Hermitian line bundle on X .
The connection can be considered as an operator

∇L = d + Γ : C∞(X ,L)→ C∞(X ,T ∗X ⊗ L)

Fiix a Riemannian metric g on X .
We have L2-inner products on C∞(X ,L) and C∞(X ,T ∗X ⊗ L):

(s, s′)L2(X ,L) =

∫
X

(s(x), s′(x))hLdvg(x), s, s′ ∈ C∞(X ,L).

The formally adjoint operator

(∇L)∗ : C∞(X ,T ∗X ⊗ L)→ C∞(X ,L).

For s ∈ C∞(X ,L), s′ ∈ C∞(X ,T ∗X ⊗ L):

(∇Ls, s′)L2(X ,T∗X⊗L) = (s, (∇L)∗s′)L2(X ,L).
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Preliminaries

The Bochner-Laplacian

Definition

The Bochner-Laplacian ∆L associated with a Hermitian line bundle
(L,hL,∇L):

∆L = (∇L)∗∇L : C∞(X ,L)→ C∞(X ,L).

If {ej}j=1,...,d is a local orthonormal frame of TX , then

∆L = −
d∑

j=1

[
(∇L

ej
)2 −∇L

∇TX
ej

ej

]
,

where ∇TX the Levi-Civita connection of g.
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Preliminaries

Example: magnetic Laplacian

X = Rd .
L = X × C the trivial line bundle.
The Hermitian structure (h(Z ) = 1):

|s(Z )|2h = |s(Z )|2.

The connection form

Γ = −iA, A =
d∑

j=1

Aj(Z )dZj

is a real-valued one form (a magnetic potential).
The Riemannian metric is the standard metric g =

∑d
j=1 dZ 2

j .
The Bochner-Laplacian is the magnetic Schrödinger operator:

∆L = −
d∑

j=1

(
∂

∂Zj
− iAj(Z )

)2

.
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Preliminaries

The curvature

Let (L,hL,∇L) be a Hermitian line bundle on X .
The curvature of ∇L is the differential two-form RL on X :

RL(U,V ) = ∇L
U∇L

V −∇L
V∇L

U −∇L
[U,V ], U,V ∈ TX .

For the connection ∇L
U = ∂

∂U + Γ(U), its curvature is given by

RL = dΓ.

For the magnetic Laplacian ∆L = −
∑d

j=1

(
∂
∂Zj
− iAj(Z )

)2
,

RL = −iB

where B = dA is a real-valued two form (the magnetic field):

B =
d∑

j,k=1

Bjk (Z )dZj ∧ dZk , Bjk =
∂Ak

∂Zj
−
∂Aj

∂Zk
.
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Preliminaries

Non-degeneracy assumption

We will assume that the differential two form

ω =
i

2π
RL

is nondegenerate (of full rank):

(ω(U,V ) = 0 for any V ∈ TX )⇒ U = 0.

For the magnetic Laplacian ∆L = −
∑d

j=1

(
∂
∂Zj
− iAj(Z )

)2
,

ω =
1

2π
B

is non-degenerate.
In particular, the dimension d is even: d = 2n.
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Preliminaries

Relation with geometric quantization

(X , ω) a symplectic manifold, dim X = 2n, so it is a classical phase
space.
A Hermitian line bundle (L,hL,∇L) on X , satisfying:

i
2π

RL = ω

is called a prequantum line bundle.
(X , ω) is called quantizable⇔ there exists a prequantum bundle
(⇔ [ω] ∈ H2(X ,Z)).
In geometric quantization scheme (Kostant-Souriau), the
operators act on sections of L (prequantization).
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Preliminaries

Example: the 2-sphere

X the two-dimensional sphere

S2 = {(x , y , z) ∈ R3 : x2 + y2 + z2 = 1},

equipped with the Riemannian metric induced by the standard
Euclidean metric in R3.
ω is a scalar multiple of the volume 2-form dxg :

ω = s dxg , s ∈ R .

(X , ω) is quantizable⇔ the area 4πs = n ∈ Z.
The corresponding prequantum line bundle (Ln,∇n) is a
well-known Wu-Yang magnetic monopole, which provides a
natural topological interpretation of Dirac’s monopole of magnetic
charge g = nh/2e.
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The renormalized Bochner Laplacian

The renormalized Bochner-Laplacian

J0 : TX → TX a skew-adjoint linear endomorphism:

ω(u, v) = g(J0u, v), u, v ∈ TX ;

τ is a smooth function on X given by

τ(x) = πTr[(−J2
0 (x))1/2], x ∈ X .

Lp the p-th tensor power of L, p ∈ N;
∇Lp

U : C∞(X ,Lp)→ C∞(X ,Lp) the induced connection on Lp:

∇Lp

U =
∂

∂U
+ pΓL(U), U ∈ TX .

Definition (V. Guillemin - A. Uribe, 1988)

The renormalized Bochner-Laplacian ∆p acts on C∞(X ,Lp):

∆p = ∆Lp − pτ.
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The renormalized Bochner Laplacian

Magnetic Laplacian

X = R2n, L = X × C the trivial line bundle.
The Hermitian structure |s(Z )|2h = |s(Z )|2.

The connection form Γ = −iA, where A =
∑2n

j=1 Aj(Z )dZj is a
real-valued one form.
The Bochner-Laplacian

∆Lp
= −

2n∑
j=1

(
∂

∂Zj
− ipAj(Z )

)2

, p =
1
~
.

J0 = 1
2πB, where B : TX → TX be a skew-adjoint operator

B(u, v) = g(Bu, v), u, v ∈ TX .

τ(Z ) = 1
2 Tr(B∗B)1/2 = Tr+(B).
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The renormalized Bochner Laplacian

Complex manifolds

X = Cn, L = X × C the trivial line bundle.
The Hermitian structure is given by h ∈ C∞(X ): for
z = x + iy ∈ Cn

|s|2h = h(z)|s|2, s ∈ Lz ;

The Hermitian connection

∇L = d + Γ, Γ + Γ̄ = −h−1dh;

Assume that Γ is compatible with the complex structure of Cn (a
holomorphic Hermitian connection — the Chern connection),
then, Γ is a (1,0)-form:

Γ = ∂ log h =
n∑

j=1

h−1 ∂h
∂zj

dzj ;

Yuri A. Kordyukov (Ufa and Novosibirsk) Toeplitz operators on symplectic manifolds September, 2018 13 / 44



The renormalized Bochner Laplacian

Complex manifolds

The curvature R = dΓ is a purely imaginary 2-form: (1,1)-form

R = ∂̄∂ log h.

For the symplectic form ω, we have

ω =
i

2π
∂̄∂ log h.

ω is positive if h = e−ϕ, ϕ : X → C a smooth strictly
plurisubharmonic function:

ω =
i

2π

n∑
j,k=1

∂2ϕ

∂zj∂z̄k
dzj ∧ dz̄k ,

(
∂2ϕ

∂zj∂z̄k

)
j,k=1,...,n

> 0.
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The renormalized Bochner Laplacian

Kähler manifolds

A particular case: the Hermitian structure is given by

|s|2h = h(z)|s|2, h(z) = e−
π
2 |z|

2
;

The connection form

Γ = ∂ log h = −π
n∑

j=1

z̄jdzj ;

The symplectic form ω is the canonical symplectic form:

ω =
i

2π
∂̄∂ log h =

i
2

n∑
j=1

dzj ∧ dz̄j =
n∑

j=1

dxj ∧ dyj .

J0 is a complex structure, the standard complex structure on Cn.
ω is a Kähler form on Cn and (Cn, J0) is a Kähler manifold.
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The renormalized Bochner Laplacian

τ(z) = πTr[(−J2
0 (z))1/2] = 2πn, z ∈ X .

The Kodaira-Laplacian:

�Lp
= ∂̄Lp∗∂̄Lp

= −1
2

n∑
j=1

(
∂

∂zj
− πpz̄j

)
∂

∂z̄j
.

For the renormalized Bochner-Laplacian, we have

∆p = 2�Lp
.

∆p =−
n∑

j=1

[
(∇Lp

∂/∂xj
)2 + (∇Lp

∂/∂yj
)2
]
− 2πnp

=−
n∑

j=1

[(
∂

∂xj
− πpz̄j

)2

+

(
∂

∂yj
− πipz̄j

)2
]
− 2πnp

=−
n∑

j=1

[
∂2

∂x2
j

+
∂2

∂y2
j
− πpz̄j

∂

∂z̄j

]
.
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Generalized Bergman projections and Toeplitz operators

The almost complex structure

J0 : TX → TX a skew-adjoint linear endomorphism such that

ω(u, v) = g(J0u, v), u, v ∈ TX ;

J : TX → TX the linear endomorphism given by

J = J0(−J2
0 )−1/2.

J is an almost complex structure on X , J2 = −IdTX , compatible
with ω and g:

ω(Ju, Jv) = ω(u, v), g(Ju, Jv) = g(u, v), u, v ∈ TX .

ω is positive: for u ∈ TX \ 0

ω(u, Ju) = −g(JJ0u,u) = g((−J2
0 )1/2u,u) > 0.

If J0 = J and J is integrable, then (X , J) is a Kähler manifold.
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Generalized Bergman projections and Toeplitz operators

Spectral gap property

Theorem (Guillemin-Uribe, 1988; Ma-Marinescu, 2002)
There exists CL > 0 such that for any p

σ(∆p) ⊂ [−CL,CL] ∪ [2pµ0 − CL,+∞),

where the constant µ0 is given by

µ0 = inf
u∈Tx X ,x∈X

iRL
x (u, J(x)u)

|u|2g
.

Example

µ0 = inf
u∈TX

|(B∗B)1/4u|2g
|u|2g

= inf
x∈X

inf(B∗B(x))1/2.
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Generalized Bergman projections and Toeplitz operators

Generalized Bergman projection

Hp the linear subspace of L2(X ,Lp) spanned by the eigensections
of ∆p corresponding to eigenvalues in [−CL,CL] (small
eigenvalues).
PHp the orthogonal projection in L2(X ,Lp) onto Hp (generalized
Bergman projection).

Example

(X , ω) a compact Kähler manifold, L a holomorphic line bundle:
∆p = 2�Lp

, where �Lp
is the Kodaira Laplacian on Lp:

σ(∆p) ⊂ {0} ∪ [2pµ0 − CL,+∞),

Hp is the space H0(X ,Lp) of holomorphic sections of Lp.
PHp the usual Bergman projection.
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Generalized Bergman projections and Toeplitz operators

Toeplitz operators

A Toeplitz operator is a sequence of bounded linear operators
Tp : L2(X ,Lp)→ L2(X ,Lp),p ∈ N:

For any p ∈ N, we have

Tp = PHpTpPHp .

There exists a sequence gl ∈ C∞(X ) such that

Tp = PHp

( ∞∑
l=0

p−lgl

)
PHp +O(p−∞),

i.e. for any natural k there exists Ck > 0 such that∥∥∥∥∥Tp − PHp

(
k∑

l=0

p−lgl

)
PHp

∥∥∥∥∥ 6 Ckp−k−1.
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Generalized Bergman projections and Toeplitz operators

Toeplitz operators

For any p, the operator Tp acts on a finite-dimensional space Hp.
The dimension of Hp is given, for p large enough, by the
Riemann-Roch-Hirzebruch formula

dp := dimHp = 〈ch(Lp) Td(TX ), [X ]〉.

Here ch(Lp) is the Chern character of Lp and Td(TX ) is the Todd class
of the tangent bundle TX considered as a complex vector bundle with
complex structure J. In particular,

dp ∼ pn
∫

X

ωn

n!
, p →∞.
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Generalized Bergman projections and Toeplitz operators

Algebra of Toeplitz operators

Theorem (Yu.K., 2017, Ioos-Lu-Ma-Marinescu, 2017)
The product Tf ,pTg,p of the Toeplitz operators

Tf ,p = PHp fPHp , Tg,p = PHpgPHp , f ,g ∈ C∞(X ),

is a Toeplitz operator. It admits the asymptotic expansion

Tf ,pTg,p =
∞∑

r=0

p−r TCr (f ,g),p +O(p−∞),

with some Cr (f ,g) ∈ C∞(X ), where Cr are bidifferential operators:

C0(f ,g) = fg, C1(f ,g)− C1(f ,g) = i{f ,g},

where {f ,g} is the Poisson bracket on (X ,2πω).
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Spectral properties of Toeplitz operators

Wells and localization of eigenfunctions

A self-adjoint Toeplitz operator Tp with principal symbol h:

Tp = PHp

( ∞∑
l=0

p−lgl

)
PHp +O(p−∞), g0 = h.

An obvious lower bound:

(Tpv , v) > ( inf
x∈X

h(x) +O(p−1))‖v‖, v ∈ L2(X ,Lp).

Indeed, for Th,p = PHphPHp and v ∈ Hp,

(Th,pu,u) =

∫
X

h(x)|u(x)|2dvg(x) > inf
x∈X

h(x)‖u‖2.
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Spectral properties of Toeplitz operators

Wells and localization of eigenfunctions

Let h0 ∈ R. Suppose λp is a sequence of eigenvalues of Tp such that

λp 6 h1 < h0, p ∈ N,

then the corresponding normalized eigensection up of Tp:

Th,pup = λpup,Pup = up, ‖up‖ = 1

should be localized in the well

Uh0 = {x ∈ X : h(x) 6 h0}.

Classically forbidden domain

X \ Uh0 = {x ∈ X : h(x) > h0}.
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Spectral properties of Toeplitz operators

Tunneling estimates

Assume that there exist C > 0 and a > 0 such that for any p ∈ N and
(x , y) ∈ X × X ,

|(Tp − PHphPHp )(x , y)| < Cp−1e−a
√

pd(x ,y).

Theorem (Y.K., 2018)

Suppose that up ∈ Hp, ‖up‖ = 1, is a sequence of eigenfunctions of
Tp, Tpup = λpup, such that

λp 6 h1 < h0, p ∈ N.

There exist α > 0 and C1 > 0 such that, for any p ∈ N,∫
X

e2α
√

pd(x ,Uh0
)|up(x)|2dvg(x) < C1.
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Asymptotic expanisions of low-lying eigenvalues

A self-adjoint Toeplitz operator Tp with principal symbol h:

Tp = PHp

( ∞∑
l=0

p−lgl

)
PHp +O(p−∞), g0 = h.

Without loss of generality, we will assume that the principal symbol h
satisfies the condition:

min
x∈X

h(x) = 0.

The spectrum of Tp consists of a finite number of eigenvalues

λ0
p 6 λ

1
p 6 . . . 6 λ

dp−1
p .

The asymptotic properties of λm
p in the semiclassical limit p →∞.
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Asymptotic expanisions of low-lying eigenvalues

The Bergman projection

Let x0 ∈ X be a non-degenerate minimum of h:

Hess h(x0) > 0.

The model operator for ∆p at x0:

L0 = −
2n∑

j=1

(
∂

∂ej
+

1
2

RL
x0

(Z ,ej)

)2

− τ(x0),

{ej}j=1,...,2n is an orthonormal base in Tx0X .
∂
∂U the ordinary differentiation operator on Tx0X in the direction
U ∈ Tx0X .

Px0 the orthogonal projection in L2(Tx0X ) to the kernel of L0 (the
Bergman projection of L0).
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Asymptotic expanisions of low-lying eigenvalues

The Bergman kernel

Jx0 : Tx0X → Tx0X is a skew-adjoint operator such that

RL(u, v) = g(J u, v), u, v ∈ TX .

Actually, J = −2πiJ0.
We choose an orthonormal basis {ej : j = 1, . . . ,2n} of Tx0X :

Jx0e2k−1 = ake2k , Jx0e2k = −ake2k−1, ak > 0 k = 1, . . . ,n.

We use this basis to define the coordinates Z on Tx0X ∼= R2n as well as
the complex coordinates z on Cn ∼= R2n, zj = Z2j−1 + iZ2j , j = 1, . . . ,n.
The smooth Schwartz kernel (with respect to dvTX (Z )) of Px0 :

P(Z ,Z ′) =
1

(2π)n

n∏
j=1

aj exp

−1
4

∑
j

aj(|zj |2 + |z ′j |2 − 2zj z̄ ′j )

 .
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Asymptotic expanisions of low-lying eigenvalues

The Toeplitz operator Tx0 in L2(Tx0X ) (the model operator for Tp at x0):

Tx0 = Px0(qx0(Z ) + g1(x0))Px0 ,

qx0(Z ) the second order term in the Taylor expansion of h at x0 (in
normal coordinates near x0):

qx0(Z ) =

(
1
2

Hess h(x0)Z ,Z
)
, Z ∈ Tx0X ,

ia positive quadratic form on Tx0X ∼= R2n.
g1 is the second coefficient in the asymptotic expansion for {Tp}.

It is an unbounded self-adjoint operator in L2(Tx0X ) with discrete
spectrum. The eigenvalues of Tx0 do not depend on the choice of
normal coordinates, and the lowest eigenvalue is simple.
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Asymptotic expanisions of low-lying eigenvalues

Eigenvalue asymptotic expansions

Assume that the principal symbol h satisfies the following conditions:
h(x) > 0 for any x ∈ X ;
minx∈X h(x) = 0;
Each minimum is non-degenerate.

Then U0 = {x ∈ X : h(x) = 0} is a finite set (discrete wells):

U0 = {x1, . . . , xN}.

Let T be the self-adjoint operator on L2(Tx1X )⊕ . . .⊕ L2(TxN X )

T = Tx1 ⊕ . . .⊕ TxN .
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Asymptotic expanisions of low-lying eigenvalues

Theorem (Y.K. (2018), A. Deleporte (2017, for Kähler manifolds))

Let {λm
p } be the increasing sequence of the eigenvalues of Tp on Hp

(counted with multiplicities) and {µm} the increasing sequence of the
eigenvalues of T (counted with multiplicities). Then, for any fixed m,
λm

p has an asymptotic expansion, when p →∞, of the form

λm
p = p−1µm + p−3/2φm +O(p−2).

Theorem (Y.K. (2018), A. Deleporte (2017, for Kähler manifolds))
If µ is a simple eigenvalue of Txj for some j, then there exists a
sequence λp of eigenvalues of Tp on Hp which has a complete
asymptotic expansion of the form

λ0
p ∼ p−1

+∞∑
k=0

akp−k , a0 = µ.
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Asymptotic expanisions of low-lying eigenvalues

Toeplitz operator T (Q) in L2(Cn)

T (Q) = PQ : kerL0 ⊂ L2(Cn)→ kerL0 ⊂ L2(Cn),

where Q = Q(z, z̄) is a polynomial in Cn and P is the orthogonal
projection in L2(Cn) to the kernel of L0.

Fock space Fn is the space of holomorphic functions F in Cn such that
e−

1
2 |z|

2
F ∈ L2(Cn).

Fn is a closed subspace in L2(Cn; e−
1
2 |z|

2
dz).

The orthogonal projection Π : L2(Cn; e−
1
2 |z|

2
dz)→ Fn:

ΠF (z) =
1
πn

∫
Cn

exp
(
−|z ′|2 + z · z̄ ′

)
F (z ′) dz ′ dz̄ ′.
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Asymptotic expanisions of low-lying eigenvalues

Consider the isometry S : L2(Cn; e−
1
2 |z|

2
dz)→ L2(Cn) given, for

u ∈ L2(Cn; e−
1
2 |z|

2
dz), by

Su(z) =

∏n
j=1 aj

2n e−
1
4
∑

j aj |zj |2u (φ(z)) ,

where φ : Cn → Cn is a linear isomorphism given by

φ(z) =

(√
a1√
2

z1, . . . ,

√
an√
2

zn

)
, z ∈ Cn.

It is easy to see that SΠS−1 = P. It follows that S(Fn) = kerL0 and

T (Q) = ST 0(Q ◦ φ−1)S−1.

where T 0(Q) is a Toeplitz operator in the Fock space defined by

T 0(Q) = ΠQ : Fn → Fn.
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Asymptotic expanisions of low-lying eigenvalues

Bargmann transform

The Bargmann transform is an isometry B : L2(Rn)→ Fn defined by

Bf (z) = π−n/4
∫
Rn

exp

[
−
(

1
2

z · z +
1
2

x · x −
√

2z · x
)]

f (x)dx , z ∈ Cn.

For the position and momentum operators in the Schrödinger
presentation q̂k = xk , p̂k = 1

i
∂
∂xk

, the corresponding operators in the
Bargmann-Fock presentation

Bq̂kB−1 =
1√
2

(
zk +

∂

∂zk

)
, Bp̂kB−1 =

1√
2

i
(

zk −
∂

∂zk

)
.

For the creation and annihilation operators âk = 1√
2

(q̂k + i p̂k ),

â∗k = 1√
2

(q̂k − i p̂k ), the corresponding operators in the Bargmann-Fock
presentation

BâkB−1 =
∂

∂zk
, Bâ∗kB−1 = zk .
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Asymptotic expanisions of low-lying eigenvalues

For any F ∈ L2(Cn; e−
1
2 |z|

2
dz), ∂

∂zk
ΠF = Πz̄kF ;

For any F ∈ Fn, zk ΠF = Π(zkF ).

Let P be a polynomial in Cn. If we write P as

P(z̄, z) =
∑
k ,l

Ak ;l z̄
k1
1 . . . z̄kn

n z l1
1 . . . z

ln
n ,

then, for any F ∈ Fn,

T 0(P)F = Π(P(z̄, z)F ) = P(∂z , z)F ,

where P(∂z , z) is the operator in Fn given by

P(∂z , z) =
∑
k ,l

Ak ;l
∂k1

∂zk1
1

. . .
∂kn

∂zkn
n

z l1
1 . . . z

ln
n .
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Asymptotic expanisions of low-lying eigenvalues

Anti-Wick symbols (Berezin, 1971)

Under the Bargmann transform B, the operator T 0(P) in Fn
corresponds to the operator B−1T 0(P)B in L2(Rn) given by

B−1T 0(P)B =
∑

Ak ;l âk1 . . . âkn (â∗1)l1 . . . (â∗n)ln .

The operator B−1T 0(P)B is the differential operator with
polynomial coefficients in Rn;
P(z̄, z) is the anti-Wick symbol of B−1T 0(P)B (the Schrödinger
presentation) and T 0(P) (the Bargmann-Fock presentation);
Some sufficient conditions of self-adjointness of the operator
B−1P(∂z , z)B (Berezin, 1971).
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Asymptotic expanisions of low-lying eigenvalues

One can compute the Weyl symbol of this operator by the well-known
formula (Berezin, 1971). If P is a positive definite quadratic form, then

B−1T 0(P)B = Opw (P̃) +
tr(P̃)

2
,

where P̃ is a quadratic form on R2n, corresponding to P under the
linear isomorphism (x , ξ) ∈ R2n ∼= T ∗Rn 7→ z ∈ Cn:

zk =
1√
2

(xk − iξk ), k = 1, . . . ,n.

Opw (P̃) is the pseudodifferential operator in Rn with Weyl symbol P̃.
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Applications to the Bochner Laplacian

The Bochner-Laplacian ∆Lp
:

∆Lp
= (∇Lp

)∗∇Lp
: C∞(X ,Lp)→ C∞(X ,Lp).

τ is a smooth function on X :

τ(x) = πTr[(−J2
0 (x))1/2], x ∈ X .

For the magnetic Laplacian ∆L = −
∑d

j=1

(
∂
∂zj
− iAj(z)

)2

τ(x) =
1
2

Tr(B∗B)1/2 = Tr+(B).

Assumptions

minx∈X τ(x) = τ0;
There exists a unique x0 ∈ X such that τ(x) = τ0, which is
non-degenerate:

Hess τ(x0) > 0.
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Applications to the Bochner Laplacian

Schrödinger operator type representation

∆Lp
= (∇Lp

)∗∇Lp
= ∆p + pτ,

the renormalized Bochner-Laplacian ∆p satisfies the gap property:

σ(∆p) ⊂ [−CL,CL] ∪ [2pµ0 − CL,+∞),

Hp corresponds to the lowest Landau levels.

Upper estimates for λj(∆Lp
) (the Rayleigh-Ritz technique):

λj(∆Lp
) 6 λj(PHp ∆Lp

PHp ), j ∈ N.
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Applications to the Bochner Laplacian

The operator

p−1PHp ∆Lp
PHp = p−1PHp ∆pPHp + PHpτPHp

is a Toeplitz operator:

p−1PHp ∆Lp
PHp = PHp

( ∞∑
l=0

p−lgl

)
PHp +O(p−∞).

The leading term
g0(x) = τ(x).

The next term is the principal symbol of ∆pPHp :

g1(x) = J1,2(x).
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Applications to the Bochner Laplacian

Computation of J1,2

Put

∂

∂zj
=

1
2

(
∂

∂Z2j−1
− i

∂

∂Z2j

)
,

∂

∂z j
=

1
2

(
∂

∂Z2j−1
+ i

∂

∂Z2j

)
.

Let R(Z ) =
∑2n

j=1 Zjej = Z denote the radial vector field on Tx0X .
Define first order differential operators bj ,b+

j , j = 1, . . . ,n, on Tx0X by

bj = −2∇ ∂
∂zj

− RL
x0

(R, ∂
∂zj

) b+
j = 2∇ ∂

∂z j

+ RL
x0

(R, ∂
∂z j

).

So we can write

Lx0 = −
2n∑

j=1

(
∂

∂ej
+

1
2

RL
x0

(Z ,ej)

)2

− τ(x0) =
n∑

j=1

bjb+
j .
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Applications to the Bochner Laplacian

J1,2(x0) =
F1,2,x0(0,0)

Px0(0,0)
, F1,2,x0(Z ,Z ′) = [Px0F1,2,x0Px0 ](Z ,Z ′),

where F1,2,x0 is an unbounded linear operator in L2(Tx0X ) given by

F1,2,x0 = 4
〈

RTX
x0

( ∂
∂zi
, ∂
∂zj

) ∂
∂z i
, ∂
∂z j

〉
+
〈

(∇X∇XJ )(R,R)
∂
∂zi
, ∂
∂z i

〉
+

√
−1
4

tr|TX

(
∇X∇X (JJ )

)
(R,R)

+
1
9
|(∇X
RJ )R|2 +

4
9

〈
(∇X
RJ )R, ∂

∂zi

〉
b+

i L
−1
0 bi

〈
(∇X
RJ )R, ∂

∂z i

〉
.

If J0 = J (almost-Kähler), then

J1,2(x0) =
1

24
|∇X J|2x0

.

Here if {ej} is a local orthonormal frame of (TX ,gTX ), then

|∇X J|2 =
∑

ij

|(∇X
ei

J)ej |2.
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Applications to the Bochner Laplacian

Upper bounds for eigenvalues

Consider the Toeplitz operator Tx0 in L2(Tx0X ) defined by

Tx0 = Px0(qx0(Z ) + J1,2(x0))Px0 .

where

qx0(Z ) =

(
1
2

Hess τ(x0)Z ,Z
)
, Z ∈ Tx0X .

Let {λj(∆Lp
)} be the increasing sequence of the eigenvalues of the

operator ∆Lp
(counted with multiplicities) and {µj} be the increasing

sequence of the eigenvalues of Tx0 (counted with multiplicities).

Theorem (Yu. K. (2018))
For any j ∈ N, there exists φj ∈ R such that

λj(∆Lp
) 6 pτ0 + µj + p−1/2φj +O(p−1), p →∞.
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Applications to the Bochner Laplacian

2D-magnetic Laplacian

In particular, for the 2D-magnetic Laplacian on a Riemann surface X :

B = b(x)dvg , dvg =
√

gdx1 ∧ dx2,

assume b(x) > 0 for any x ∈ X and there exists a unique x0 such that

b(x0) = b0 := min
x∈X

b(x),

if we denote

a = Tr
(

1
2

Hess b(x0)

)1/2

, d = det

(
1
2

Hess b(x0)

)
.

we have (Helffer-Y.K., 2010, Helffer-Morame, 2001):

λj(∆Lp
) 6 pb0 +

[
2d1/2

b0
j +

a2

2b0

]
+ Cjp−1/2, j ∈ N.
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